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The CKM matrix elements |Vcb| and |Vub| can be obtained by combining data from the experiments
with lattice QCD results for the semi-leptonic form factors for the B¯ → D∗`ν¯ and B¯ → pi`ν¯ decays.
It is highly desirable to use the Oktay-Kronfeld (OK) action for the form factor calculation on the
lattice, since the OK action is designed to reduce the heavy quark discretization error down to
the O(λ4) level in the power counting rules of the heavy quark effective theory (HQET). Here, we
present a matching calculation to improve heavy-heavy and heavy-light currents up to the λ3 order in
HQET, the same level of improvement as the OK action. Our final results for the improved currents
are being used in a lattice QCD calculation of the semi-leptonic form factors for the B¯ → D∗`ν¯ and
B¯ → D`ν¯ decays.
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I. INTRODUCTION
The Cabibbo-Kobayashi-Maskawa (CKM) matrix con-
tains four of the fundamental parameters of the Standard
Model (SM) which describes flavor-changing phenomena
and CP violation [1, 2].
The CKM matrix is a 3×3 unitary matrix, and |Vcb| is
a CKM matrix element which describes flavor-changing
weak interactions between bottom and charm quarks.
|Vcb| is an important quantity in particle physics. It con-
strains one side of the unitarity triangle through the ra-
tio |Vub|/|Vcb|. It gives the dominant uncertainty in the
determination of the CP violation parameter εK in the
neutral kaon system, where there is currently tension be-
tween the SM and experiment [3].
There are two competing and independent methods to
determine |Vcb|: one is to derive |Vcb| from the exclusive
decays (B¯ → D∗`ν¯ and B¯ → D`ν¯) and the other is to
obtain |Vcb| from the inclusive decays (B → Xc`ν). There
exists currently 3σ ∼ 4σ tension between the exclusive
|Vcb| and the inclusive |Vcb| [4], which makes the study of
|Vcb| even more interesting.
Another motivation to study the exclusive decays
(B¯ → D∗`ν¯ and B¯ → D`ν¯) is the tension in R(D(∗))
between the SM theory and experiment [4]. The latest
update from the HFLAV report gives the combined ten-
sion in R(D) and R(D∗) to be 3.8σ. A preliminary report
from BELLE [5] claims that the tension is 3.1σ. Hence,
more precise determination of the semi-leptonic form fac-
tors for the exclusive decays will be important to confirm
or dismiss a potential new physics possibility.
∗ E-mail: wlee@snu.ac.kr
† E-mail: leemjaehoon@kias.re.kr
When we determine |Vcb| from the exclusive decays
such as B¯ → D∗`ν¯, there are two different sources of
uncertainty: One comes from the theory, and the other
comes from experiment. Basically the experiments de-
termine |Vcb| · |F(1)| and the theory determines the form
factors |F(1)|. The dominant uncertainty in the calcula-
tion of the semi-leptonic form factors |F(1)| comes from
the heavy-quark discretization [6]. Hence, it is essential
to reduce the heavy-quark discretization error as much
as possible in order to achieve higher precision in |F(1)|.
It is challenging to reduce the discretization errors for
b and c quarks, since the heavy quark masses are com-
parable with the inverse of the lattice spacing 1/a. The
Symanzik improvement program [7] does not work for
amQ ≈ 1. The Fermilab formalism [8] makes it pos-
sible to control the discretization errors of bottom and
charm quarks. In the Fermilab formalism, the lattice
artifacts for heavy quarks are bounded in the limit of
mQa → ∞, and they can be reduced systematically by
tuning coefficients of the action. With a non-relativistic
interpretation of the Wilson action, one can match the
lattice theory to continuum QCD using the heavy-quark
effective theory (HQET) for heavy-light systems [9–11]
or non-relativistic QCD (NRQCD) for quarkonia [12, 13].
Here we can estimate the lattice artifacts due to neglect-
ing the truncated higher order terms by using the power
counting of HQET or NRQCD.
The Fermilab action includes the dimension five opera-
tors of the Wilson clover action and is improved up to the
λ1 order in HQET [8]. The Oktay-Kronfeld (OK) action
is an extension of the Fermilab action and is improved
up to the λ3 order in HQET [14]. In order to calculate
weak matrix elements while taking advantage of the full
merits of the OK action, it is essential to improve also
the flavor-changing currents up to the λ3 order at the
tree level. In this paper we explain additional operators
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2needed to improve the currents up to the λ3 order and
a matching calculation to determine the coefficients for
these operators. The resulting improved currents can be
used to calculate the semi-leptonic form factors for the
B¯ → D∗`ν¯ and B¯ → D`ν¯ decays [15, 16].
In Section II we briefly review the Fermilab formal-
ism and show the explicit forms of the Fermilab and OK
actions. In Section III we introduce an approach to cur-
rent improvement and build up the improved current. In
Section IV we explain the matching calculations and de-
termine the improvement parameters, the coefficients for
the improved current operators. In Section V we present
an interpretation of the matching calculation based on
HQET. The HQET interpretation clarifies the structure
of the matching conditions and provides a cross-check.
In Section VI we present the results for the improve-
ment parameters and discuss their chiral-continuum and
static limits. In Section VII we conclude. The appen-
dices contain technical details on the matching calcula-
tions and comparison of the chiral-continuum limit with
results from the Symanzik program.
Preliminary results for the improved currents were
published in Ref. [17].
II. HEAVY QUARKS ON THE LATTICE
The Fermilab method was introduced in Ref. [8] to sys-
tematically improve lattice gauge theories with Wilson
quarks [18] with masses comparable to the lattice cutoff,
amQ ∼ 1. The method was used to further improve the
action in Ref. [14]. Symanzik’s original local effective de-
scription of lattice gauge theory [7] assumes amQ  1,
and so it does not apply to heavy quarks [19]. The au-
thors of Refs. [19–21] developed HQET and NRQCD as
alternative effective-continuum field theories to describe
the lattice artifacts of heavy quarks. They used a dual ex-
pansion in λ ∼ Λ/(2mQ) ∼ aΛ to construct the O(λ1) ac-
tion of effective-continuum HQET. The Fermilab action
was introduced in Ref. [8], and improved through O(λ1).
The authors of Ref. [14] used a generalized version of
Symanzik’s effective field theory together with effective-
continuum HQET and NRQCD to develop the improved
Fermilab action and to estimate remaining heavy-quark
errors. The improved Fermilab action introduced by Ok-
tay and Kronfeld (the OK action) in Ref. [14] is improved
through O(λ3).
The Fermilab method begins with the observation that
time-space axis-interchange symmetry need not be re-
spected to tune the lattice action and currents to the
renormalized trajectory [22]. For systems with heavy
quarks, the authors of Ref. [8] introduced independent,
mass-dependent couplings for the spatial and temporal
parts of the clover term [23] and pointed out the suf-
ficiency of including only spatial terms at higher order,
without altering the Wilson time derivative. The authors
of Ref. [8] constructed the transfer matrix and showed
that the Hamiltonian of the clover action can be tuned to
the non-relativistic Pauli Hamiltonian, with errors that
remain bounded even as amQ →∞. The analysis of the
lattice Hamiltonian also led to the introduction of an im-
proved quark field [8]. Working at tree level, the authors
of Ref. [8] matched two-quark matrix elements of flavor-
changing currents constructed from the improved field
through O(p). The authors of Refs. [20, 21] then proved
the sufficiency of the improved field for tree-level im-
provement through O(λ) in effective-continuum HQET.
The equivalence of the lattice theory and HQET can
be expressed by the relation
Slat
.
= SHQET =
∫
d4x LHQET , (1)
where the symbol
.
= means that, in the regime where
both theories hold, all physical amplitudes with external
states on shell are equal to each other, and
LHQET = h¯(+)
(
D4 +m1 − D
2
2m2
+
zBiΣ ·B
2mB
)
h(+) + · · · ,
(2)
where zB is the matching coefficient for the chromomag-
netic term, and m1, m2, and mB are the rest, kinetic,
and chromomagnetic masses of the quark, respectively.
Here, we use the same notation for D4, D, and Σ ·B as
in Ref. [14], and h(+) is a heavy-quark field which satisfies
γ4h
(+) = h(+). Here the rest mass m1 has no importance,
because it does not affect the energy splittings and the
matrix elements [19]. The bare mass (or the hopping
parameter) is determined by demanding that the kinetic
mass m2 be equal to the physical mass.
The Fermilab action, introduced in Ref. [8], is
SFermilab = S0 + SB + SE , (3)
where
S0 =a
4
∑
x
[
m0ψ¯(x)ψ(x) + ψ¯(x)γ4Dlat,4ψ(x)
+ ζψ¯(x)γ ·Dlatψ(x)− 1
2
aψ¯(x)∆4ψ(x)
− 1
2
rsζaψ¯(x)∆
(3)ψ(x)
]
, (4)
where m0 is a bare quark mass, the parameter ζ breaks
axis-interchange symmetry if ζ 6= 1, and rs is the Wilson
parameter for the spatial directions.
The lattice covariant derivative operators are
Dlat,µψ = (2a)
−1(Tµ − T−µ)ψ , (5)
∆µψ = a
−2(Tµ + T−µ − 2)ψ , (6)
∆(3)ψ =
3∑
i=1
a−2(Ti + T−i − 2)ψ , (7)
where the covariant translation is defined by
T±µψ(x) = U±µ(x)ψ(x± aµˆ) , (8)
3U±µ(x) = U(x, x± aµˆ) , (9)
where ±µ represents the positive and negative directions
along the µ-axis, and µˆ is a unit vector along the µ-axis.
The signature for the γ-matrices is given in Appendix A.
The dimension five operators SB and SE are
SB = −1
2
cBζa
5
∑
x
ψ¯(x)iΣ ·Blatψ(x), (10)
SE = −1
2
cEζa
5
∑
x
ψ¯(x)α ·Elatψ(x) . (11)
Here the chromomagnetic and the chromoelectric fields
are
Blat,i =
1
2
ijkF
lat
jk , Elat,i = F
lat
4i , (12)
with the clover field-strength tensor
F latµν =
1
8a2
∑
µ¯=±µ,
ν¯=±ν
sign(µ¯)sign(ν¯)Tµ¯Tν¯T−µ¯T−ν¯ − h.c. .
(13)
Here sign(µ¯) = ±1 for µ¯ = ±µ.
The OK action [14] is an improved version of the Fer-
milab action. It includes counter-terms up to λ3 order,
incorporating all dimension six and some dimension seven
bilinear operators. The OK action is
SOK = S0 + SB + SE + S6 + S7 , (14)
where S6 (S7) represents counter-terms of dimension six
(seven). Explicitly,
S6 = c1a
6
∑
x
ψ¯(x)
∑
i
γiDlat,i∆lat,iψ(x)
+ c2a
6
∑
x
ψ¯(x){γ ·Dlat,∆(3)}ψ(x)
+ c3a
6
∑
x
ψ¯(x){γ ·Dlat, iΣ ·Blat}ψ(x)
+ cEEa
6
∑
x
ψ¯(x){γ4Dlat,4,α ·Elat}ψ(x) , (15)
and
S7 = a
7
∑
x
ψ¯(x)
∑
i
[
c4∆
2
i + c5
∑
j 6=i
{iΣiBlat,i,∆j}
]
ψ(x) .
(16)
The coefficients {ci} are determined by matching at tree
level the dispersion relation, interaction with a back-
ground field, and Compton scattering amplitude.
Taking redundant operators into account, the opera-
tors in Eqs. (15) and (16) are a complete set for matching
through O(λ3) at tree level. In general, at dimension six,
there are contributions from not only bilinears, but also
four-quark operators such as
[Q¯ΓQ][Q¯ΓQ] , (17)
[Q¯ΓQ]
∑
f
[q¯fΓqf ] , (18)
where Q represents heavy quarks, and qf represents light
quarks with flavor f . In the heavy-light system, however,
four-quark operators of the type in Eq. (17) contribute
to physical matrix elements only through heavy-quark
loops, and so contributions from these operators are sup-
pressed by at least an additional factor of λ2 [14]; such
operators are omitted from the OK action. When [heavy
quark]-[light quark] scattering is matched at tree level,
one finds that the tree-level coupling of four-quark opera-
tors of the type in Eq. (18) is proportional to a redundant
coupling of the pure-gauge action, and can be eliminated
by adjusting this coupling [14]. Thus, the four-quark op-
erators are neglected, and the OK action has only six
new bilinear operators.
III. CURRENT IMPROVEMENT FOR
B¯ → D(∗)`ν¯ SEMI-LEPTONIC DECAY
In recent studies of exclusive semi-leptonic decays B¯ →
D(∗)`ν¯ of the FNAL/MILC collaboration [6, 24], the Fer-
milab action is used for b and c quarks to control the
discretization errors. The theoretical error from lattice
QCD is 1 ∼ 2%, which was comparable with the error
from experiment. In the case of the semi-leptonic form
factor calculation for B¯ → D∗`ν¯ at zero recoil, the heavy-
quark error (≈ 1%) is dominant. If we want to reduce
the theoretical error to the sub-percent level, we cannot
use the Fermilab action, but must use a more improved
action, such as the OK action, whose heavy-quark errors
are around 0.2% ∼= O(λ4c).
In the calculation of hadronic matrix elements for
B¯ → D(∗)`ν¯ decay, heavy-quark discretization errors
come from both the hadronic states and the flavor-
changing currents [19, 21]. Using the OK action for b
and c quarks, we expect the hadronic states of the B and
D(∗) mesons to be improved up to λ3 order by the action
itself. To take full advantage of the OK action for b and c
quarks, we must improve the flavor-changing currents up
to λ3 order, the level of improvement of the OK action.
Here we explain how to improve the currents up to λ3
order using HQET.
First, let us review HQET by deriving the HQET La-
grangian from the QCD Lagrangian using a field redef-
inition. The fermionic part of the QCD Lagrangian in
Euclidean space is
LDirac = −Q¯(6D +m)Q , (19)
where Q is a heavy quark field with mass m. At tree
level the HQET Lagrangian can be derived by using a
Foldy-Wouthousen-Tani (FWT) transformation [25, 26].
Up to 1/m3 order at tree level, the FWT transformation
is
Q =
[
1− 1
2m
γ ·D + 1
8m2
(γ ·D)2 + 1
4m2
α ·E
4− 3(γ ·D)
3
16m3
− γ ·Dα ·E
8m3
− {γ4D4,α ·E}
8m3
+
11(γ ·D)4
128m4
+
3(γ ·D)3γ4D4
16m4
+
(γ ·D)2γ4D4(γ ·D)
8m4
+
3(γ ·D)γ4D4(γ ·D)2
32m4
+
5γ4D4(γ ·D)3
32m4
+
γ ·D{γ4D4,α ·E}
16m4
+
(α ·E)2
32m4
+
1
16m4
{
γ4D4, {γ4D4,α ·E}
}]
h+O(1/m5) . (20)
The corresponding HQET Lagrangian is
LHQ = h¯+
[
−D4 −m+ 1
2m
D2 +
i
2m
σ ·B
+
D ·E −E ·D
8m2
+
iσ · (D ×E −E ×D)
8m2
+
1
8m3
(σ ·D)4 − 1
8m3
(σ ·E)2
]
h+ + . . . , (21)
where h is the heavy quark field in the rest frame of the
heavy quark, with quark field h+ and anti-quark field h−:
h± =
1± γ4
2
h . (22)
In (21), we drop terms with the anti-quark field h− for
simplicity. In Ref. [27], the non-relativistic QCD La-
grangian (NRQCD) was constructed up to αs/m
3 order
in Minkowski space. If we compare the resulting La-
grangian with that in Eq. (21), they are consistent with
each other at tree level. The FWT transformation for
Q¯ and h¯ is given in Appendix B. A study on extending
Eq. (20) to all higher orders is given in Ref. [28].
Working at tree level, the relationships between QCD
operators and those of HQET can be obtained by simply
replacing Q fields with h fields using Eq. (20). For exam-
ple, the tree-level matching for a flavor-changing current
operator c¯Γb in QCD is
c¯Γb
.
= h¯+c Γh
+
b + J
(0,1)
Γ + J
(1,0)
Γ
+ J
(0,2)
Γ + J
(1,1)
Γ + J
(2,0)
Γ + · · · (23)
where the superscript (i,j) represents the fact that the
operator J
(i,j)
Γ is of order
(
1
mc
)i(
1
mb
)j
. Hence, the
corrections with i+ j = 1 are
J
(0,1)
Γ =
−1
2mb
h¯+c Γγ ·Dh+b , (24)
J
(1,0)
Γ =
1
2mc
h¯+c γ ·
←−
DΓh+b , (25)
and the corrections with i+ j = 2 are
J
(0,2)
Γ =
h¯+c ΓD
2h+b
8m2b
+
h¯+c ΓiΣ ·Bh+b
8m2b
+
h¯+c Γα ·Eh+b
4m2b
, (26)
J
(2,0)
Γ =
h¯+c
←−
D 2Γh+b
8m2c
+
h¯+c iΣ ·BΓh+b
8m2c
+
h¯+c α ·EΓh+b
4m2c
, (27)
J
(1,1)
Γ = −
h¯+c γ ·
←−
DΓγ ·Dh+b
2mc2mb
. (28)
Let us construct a corresponding lattice current oper-
ator J˜ latΓ with OK heavy quarks as follows,
J˜ latΓ = ψ¯cΓψb + · · · , (29)
where ψf (f = b, c) are quark fields of the OK action.
Here the ellipsis in (29) represents terms of higher order.
The lattice version of Eq. (23) is
J˜ latΓ
.
= C¯ latΓ
[
h¯+c Γh
+
b + J˜
lat(0,1)
Γ + J˜
lat(1,0)
Γ
+ J˜
lat(0,2)
Γ + J˜
lat(1,1)
Γ + J˜
lat(2,0)
Γ
]
+ · · · , (30)
where the coefficient C¯ latΓ contains short-distance effects
of the heavy quarks. At tree level C¯ latΓ is given by
C¯
lat[0]
Γ = exp
(
−m
[0]
1ca
2
)
· exp
(
−m
[0]
1ba
2
)
, (31)
where m
[0]
1f (f = b, c) is the rest mass m
[0]
1f = log(1+m0f )
at tree level. The HQET operators J˜
lat(i,j)
Γ with 1 ≤
i+ j ≤ 2 have the same form as in Eqs. (24) - (28), but
the coefficients are different, in general, due to lattice
cutoff effects. We impose the matching condition
J˜
lat(n−r,r)
Γ = J
(n−r,r)
Γ (r ≤ n, n = 1, · · · , N) (32)
in order to determine the coefficients of the terms added
to improve the currents. The remaining mismatch can
be removed by rescaling the lattice current by an overall
normalization factor.
For example, let us consider improving the currents up
to order λ at tree level. This can be done by introducing
improved quark fields ΨIf as in Ref. [8].
J latΓ = Ψ¯IcΓΨIb, (33)
where ΨIf is (f = b, c)
ΨIf (x) ≡ em
[0]
1fa/2[1 + ad1fγ ·Dlat]ψf (x) . (34)
Here, the normalization factor em
[0]
1f/2 is introduced to
cancel out C¯ latΓ . Then we rewrite J
lat
Γ in terms of HQET:
J latΓ
.
= h¯cΓhb + J
lat(0,1)
Γ + J
lat(1,0)
Γ + · · · . (35)
5At this stage one may choose any matrix element for
matching. The simplest one is 〈c(p′)|J latΓ |b(p)〉, where
〈c(p′)| and |b(p)〉 are external heavy quark states with
momenta p′ and p. Expanding as in Refs. [8, 21] to first
order in p′ and p, one finds that
J
lat(0,1)
Γ =
−1
2m3b
h¯cΓγ ·Dhb, (36)
J
lat(1,0)
Γ =
1
2m3c
h¯cγ · ←−DΓhb, (37)
where
1
2m3fa
≡ ζ(1 +m0fa)
m0fa(2 +m0fa)
− d1f . (f = b, c) (38)
The matching condition in Eq. (32) determines the coef-
ficient d1f . In other words, one can impose the condition
m3f = mf to determine d1f , where mf is the physical
quark mass for heavy flavor f . Then one obtains [8, 21]
d1f =
ζ(1 +m0fa)
m0fa(2 +m0ha)
− 1
2mfa
. (f = b, c) (39)
In the above example, we introduce improved fields
ΨIf to improve the currents. In the example, we con-
sidered only improvement to λ1f order. We extend the
improvement to λ3f order in a similar way.
First, we need to find a complete set of higher dimen-
sional operators. The continuum FWT transformation
in Eq. (20) is a good starting point. Because the FWT
transformation up to O(1/m3) contains operators of di-
mension six, we include operators up to dimension six in
the improved quark field.
ΨI(x) = e
m1a/2
[
1 + ad1γ ·Dlat + 1
2
a2d2∆
(3)
+
1
2
a2dBiΣ ·Blat + 1
2
a2dEα ·Elat
+ a3dEE{γ4D4lat,α ·Elat}+ 1
6
a3d3γiDlat,i∆i
+
1
2
a3d4{γ ·Dlat,∆(3)}+ a3d5{γ ·Dlat, iΣ ·Blat}
+ a3drE{γ ·Dlat,α ·Elat}+ a3d6[γ4D4lat,∆(3)]
+ a3d7[γ4D4lat, iΣ ·Blat]
]
ψ(x). (40)
All the terms in Eq. (40) except for the d3 term corre-
spond to terms in Eq. (20). The d3 term is necessary to
remove rotational symmetry breaking effects. To com-
pare Eq. (20) with the continuum FWT transformation,
we rewrite it in the same form as Eq. (40), as follows,
Q =
[
1− 1
2m
γ ·D + 1
8m2
D2 +
i
8m2
Σ ·B + 1
4m2
α ·E
− {γ4D4,α ·E}
8m3
− 3{γ ·D,D
2}
32m3
− 3{γ ·D, iΣ ·B}
32m3
− {γ ·D,α ·E}
16m3
+
[γ4D4,D
2]
16m3
+
[γ4D4, iΣ ·B]
16m3
]
h
= Ub · hb . (41)
Here we include only terms up to 1/m3 order. We note
that the d3 term is absent in Eq. (41).
Next we need to determine the coefficients di in
Eq. (40). We may choose any matrix element for match-
ing. If we choose the simplest one, 〈c(p′)|J latΓ |b(p)〉, we
can determine only d1–d4 and cannot determine the rest.
To determine the remaining coefficients, we match four-
quark matrix elements with one-gluon exchange. In the
next section, we explain details of the matching proce-
dure.
IV. MATCHING CALCULATION
Here we explain how to determine the coefficients di
in Eq. (40) for the improved quark field to improve the
currents in Eq. (33) at the tree level. We choose the
following four-quark matrix element for matching:
〈`(p2,s2)c(p′, s′)| Ψ¯IcΓΨIb |b(p, s)`(p1, s1)〉lat
↔ 〈`(p2, s2)c(p′, s′)| c¯Γb |b(p, s)`(p1, s1)〉con ,
(42)
where Γ = γµ, γµγ5 represents the Dirac matrices of the
flavor-changing currents, ` represents a light spectator
quark (` ∈ {u, d, s}), and c and b represent charm and
bottom quarks, respectively. In the equations of this and
the following two sections, we set a = 1 for notational
convenience.
At tree level, the connected diagram contains one-
gluon exchange between the light spectator quark and
the heavy quarks. Here we consider only the diagram
with one-gluon exchange at the b-quark line, shown in
Fig. 1(a). The diagram with one-gluon exchange on the
c-quark line, shown in Fig. 1(b), is identical if we switch
b → c. The lattice diagrams which correspond to the
continuum diagram in Fig. 1(a) are shown in Figs. 2(a)
and 2(b). One-gluon emission may occur through the
one-gluon vertex of the OK action as in Fig. 2(a) or
through the vertex of the improved quark field as in
Fig. 2(b). The small black dot attached to the current
operator (cyan circle) with (without) a gluon line repre-
sents the one-gluon (zero-gluon) vertex of the improved
quark fields. The charm quark part has a separate match-
ing factor which is completely factorized from the bottom
quark part.
Hence, let us focus on matching the lattice diagrams
with one-gluon exchange on the b-quark line in Fig. 2
to the continuum diagram in Fig. 1(a). The matching
condition is
nµ(q)
[
R
(0)
b (p+ q)S
lat
b (p+ q)(−gta)Λµ(p+ q, p)
+ (−gta)R(1)bµ (p+ q, p)
]
Nb(p)ulatb (p, s)
= Sb(p+ q)(−gta)γµ
√
mb
Eb
ub(p, s), (43)
6p1 p2
ℓ ℓ
p p + q p′
b c
q
(a) One-gluon emission from the b quark
p p′
b c
p1 p2
ℓ ℓ
p′ − q
q
(b) One-gluon emission from the c quark
FIG. 1. Tree-level continuum diagrams with a gluon exchange. A colored box represents an insertion of the flavor-changing
operator.
q q
p
b
p+ q p′
c
p
b
p′
c
p1 p2
ℓ ℓ ℓ ℓ
p1 p2
(a) One-gluon emission from the action vertex
q q
p
b
p+ q p′
c
p
b
p′
c
p1 p2
ℓ ℓ ℓ ℓ
p1 p2
(b) One-gluon emission from the improved quark field
FIG. 2. Tree-level lattice diagrams with one-gluon exchange at the b-quark line. A colored circle represents an insertion of the
flavor-changing current operator. The black dot without a gluon line in (a) and in (b) represents the zero-gluon vertex from
the improved quark fields. The black dot with a gluon line in (b) represents the one-gluon emission vertex from the improved
quark field.
where q is the four-momentum of the emitted gluon, µ
is the Lorentz index, and ta is a generator of the SU(3)
color group. nµ(q) = 2 sin(
1
2qµ)/qµ is the gluon line wave-
function factor [29]. Here Nb(p) is the normalization fac-
tor for a spinor of the external b-quark line on the lat-
tice, while
√
mb
Eb
is that in the continuum. Sb and S
lat
b
are fermion propagators of b quarks in the continuum
and on the lattice, respectively. Here Λµ is one-gluon
emission vertex from the b-quark line in the OK action.
R
(0)
b and R
(1)
b,µ come from the improved quark field for
b quarks. R
(0)
b represents the zero-gluon emission ver-
tex, which contains d1–d4. R
(1)
b,µ represents the one-gluon
emission vertex. Explicit formulas for Nb(p), ulatb (p, s),
ub(p, s), Λµ, R
(1)
b,µ, and R
(0)
b are given in Appendix D.
Both the spatial momentum of the external b quark, p,
and the four-momentum of the exchanged gluon, q, are
O(ΛQCD). They are much smaller than the physical b-
quark mass, mb, and the lattice cut-off scale 1/a ∼= 1.6 ∼
4.5 GeV. Hence, it is possible to expand both sides of
Eq. (43) in power series of q/mb, p/mb, qa, and pa.
When we expand in q and p on both sides of Eq. (43),
we are careful with the heavy quark propagator, since it
has pole structure. For example, in the continuum, the
heavy quark propagator with momentum p + q can be
expanded as follows,
S(p+ q) =
m− iγ · (p+ q)
m2 + (p+ q)2
=
m− iγ4(im+ p˜4 + q4)− iγ · (p+ q)
m2 + (im+ p˜4 + q4)2 + (p+ q)2
7=
m(1 + γ4)− iγ4(p˜4 + q4)− iγ · (p+ q)
2im(p˜4 + q4) + (p˜4 + q4)2 + (p+ q)2
=
(1 + γ4)
2
1
i(p˜4 + q4)
+ · · · , (44)
where p˜4 is
p˜4 = p4 − im = i
[ p2
2m
− (p
2)2
8m2
+ · · ·
]
. (45)
Note that (p˜4 + q4,p + q) is the residual momentum of
the internal heavy quark with momentum p + q. If we
do the power series expansion as in Eq. (44), then it is
natural to identify each term in the matrix element in
terms of HQET contributions.
Similarly, we can apply the power series expansion to
the OK-action heavy quark propagator [14]
Slat(p+ q) =
[
µ(p+ q)− cos(p4 + q4)
+ iγ4 sin(p4 + q4) + iγ ·K(p+ q)
]−1
, (46)
where
Ki(p) = sin(pi)
[
ζ − 2c2pˆ2 − c1pˆ2i
]
, (47)
µ(p) = 1 +m0 +
1
2
rsζpˆ
2 + c4
∑
i
(pˆi)
4 . (48)
Here pˆi = 2 sin(pi/2). Since p, qµ  1/a,m0, we can
expand the lattice propagator as in Eq. (44),
Slat(p+ q) = e−m1
1
i(p˜lat4 + q4)
[1 + γ4
2
+ · · ·
]
, (49)
where the ellipsis represents higher order terms. Here,
note that
p˜lat4 = p4 − im1
= i
[ 1
2m2
p2 − 1
6
w4
∑
i
p4i −
1
8m24
p4
]
+ · · · , (50)
In the construction of the OK action [14], the dispersion
relation of the heavy quark is already matched to the
continuum. This means that m2 = m4 = m and w4 = 0,
so p˜lat4 = p˜4 through O(p4).
Similarly, we can expand the external quark spinor in
the continuum as follows,√
m
E
u(p, s) =
[
1− iγ · p
2m
− p
2
8m2
+
3i(γ · p)p2
16m3
]
× u(0, s) +O(p4), (51)
The corresponding spinor on the lattice can be expanded
as follows,
N (p)ulat(p, s) = e−m1/2
[
1− iζγ · p
2 sinhm1
− p
2
8m2X
+
1
6
iw3
3∑
k=1
γkp
3
k +
3i(γ · p)p2
16m3Y
]
u(0, s) +O(p4), (52)
where mX , mY , and w3 are defined in Ref. [30] as
w3 =
3c1 + ζ/2
sinhm1
, (53)
1
8m2X
=
ζ2
8 sinh2m1
+
rsζ
4em1
, (54)
3
16m3Y
=
1
2 sinhm1
{
2c2 +
1
4
e−m1
[
ζ2rs(2 cothm1 + 1)
+
ζ3
sinhm1
( e−m1
2 sinhm1
− 1
)]
+
ζ3
4 sinh2m1
}
.
(55)
Finally, we need to expand the lattice vertices Λµ(p+
q, p), R(0)(p+ q), and R
(1)
µ (p+ q, p) in powers of pa and
qa. They are analytic in pa and qa, and the expansion
is straightforward. Comparing both sides of the expan-
sion of the matching condition in Eq. (43), we obtain
a number of constraint equations for the OK-action pa-
rameters ci and the current-improvement parameters di.
These constraints are sufficient to determine all the im-
provement parameters di through λ
3 order, and to put
non-trivial constraints on the OK-action parameters ci.
Our constraints on the ci are consistent with the origi-
nal results for the ci obtained by matching the OK ac-
tion [14].
In the discussion that follows, we identify the terms in
the expansion of the matching condition with contribu-
tions from (lattice and continuum) HQET. This exercise
sheds light on the structure of the matching calculations
and leads naturally to useful cross-checks. Let us begin
with the matching calculation at leading order. First, let
us choose µ = 4, the time direction. Then both sides of
Eq. 43 are identical,
1
i(p˜4 + q4)
(−gta)u(0, s). (56)
In HQET this contribution arises from one-gluon emis-
sion from the one-gluon vertex of the leading-order La-
grangian:
L0 = b¯vr [−D4 −m]bvr . (57)
Second, let us choose µ = i (i = 1, 2, 3), the spatial
direction i. At leading order the right-hand side (RHS)
of Eq. (43) is
R.H.S. =[−i(2pi + qi) + ijkΣjqk
i(p˜4 + q4)2m
+
γi
2m
]
(−gta)u(0, s) . (58)
Here the first term represents gluon emission by the next-
to-leading-order Lagrangian:
L1 = b¯vr
[ 1
2m
D2 +
i
2m
Σ ·B]bvr , (59)
8where the definition of the matrix Σi is in Appendix A.
The second term in Eq. (58) represents gluon emission
by the next-to-leading-order (NLO) correction term in
the field rotation of the flavor-changing current, given in
Eq. (20).
Now let us consider the leading-order contributions to
the left-hand side (L.H.S.) of Eq. (43) in the spatial direc-
tions; these lattice contributions correspond to the con-
tinuum expression in Eq. (58).
L.H.S. =[ −i(2pi + qi)
i(p˜4 + q4)2m2
+
ijkΣjqk
i(p˜4 + q4)2mB
+
γi
2m3
]
(−gta)u(0, s),
(60)
where m2 and mB are the kinetic mass and the chromo-
magenetic mass at tree level, respectively:
1
2m2
=
ζ2
m0(2 +m0)
+
rsζ
2(1 +m0)
, (61)
1
2mB
=
ζ2
m0(2 +m0)
+
cBζ
2(1 +m0)
. (62)
Here, the mass m3 is given in Eq. (38) with f = b.
The first two terms in Eq. (60) come from the lattice
HQET Lagrangian at NLO:
Llat1 = b¯vr
[ 1
2m2
D2 +
i
2mB
Σ ·B]bvr , (63)
which is the lattice version of Eq. (59). The matching
condition requires that all the masses equal the physical
mass: m2 = mB = m3 = m. Here, m2 = mB = m is
consistent with the original matching of the OK action.
The relation m3 = m determines d1,
d1 =
ζ(1 +m0)
m0(2 +m0)
− 1
2m
. (64)
Now, let us consider the expansion through λ3b order.
Then the R.H.S. of Eq. (43) in the temporal direction is
R.H.S (µ = 4) =
[
1
iP4
− γ · (p+ q)
2mP4
+
(p+ q)2
2mP 24
+ · · · − ((p+ q)
2)3
8m3P 44
]
(−gta)u(0, s) , (65)
where P4 ≡ p˜4 + q4, and the full expansion formula is
given in Eq. (C1) of Appendix C. The L.H.S. of Eq. (43)
(the lattice version of Eq. (65)) is
L.H.S (µ = 4) =
[
1
iP4
− γ · (p+ q)
2m3P4
+
(p+ q)2
2m2P 24
+ · · · −
(
(p+ q)2
)3
8m32P
4
4
]
(−gta)u(0, s) , (66)
where the full expansion formula is given in Eq. (C3).
The matching condition is L.H.S. = R.H.S., which pro-
vides around one hundred constraint equations for di and
mi.
Similarly, the R.H.S. of Eq. (43) in the spatial direc-
tions is
R.H.S (µ = i) =
[
1
2m
γi − (2pi + qi) + ijkiΣjqk
2mP4
+ · · ·+ (2pi + qi)
(
(p+ q)2
)2
8m3P 34
]
(−gta)u(0, s) , (67)
where the full expansion formula is given in Eq. (C2).
The L.H.S. (lattice side) of Eq. (43) in the spatial direc-
tions is
L.H.S (µ = i) =
[
1
2m3
γi − (2pi + qi)
2m2P4
− iijkΣjqk
2mBP4
+ · · ·+ (2pi + qi)
(
(p+ q)2
)2
8m32P
3
4
]
(−gta)u(0, s) , (68)
where the full expansion formula is given in Eq. (C4).
The matching condition provides a number of constraint
equations for the parameters di and mi. The total num-
ber of constraints is about 150, but most of the relations
are redundant. The total number of linearly indepen-
dent constraints is the same as the number of unknown
parameters {di,mi, wi, dwi} given in Appendix F. The
mass parameters mi and symmetry breaking parameters
wi and dwi in Eqs. (C3) and (C4) are functions of the
OK-action parameters and the improvement parameters
di. The matching conditions are simply
mi = m, wi = 0, dwi = 0 , (69)
and we find eleven improvement parameters which do
not vanish at tree level. The final results for the eleven
non-trivial improvement parameters {di} are presented
in Section VI.
V. CROSS-CHECK BY HEAVY QUARK
EFFECTIVE THEORY
We have cross-checked the final results presented in
Section VI in several ways. First, three researchers
(Leem, Bailey, Sunkyu Lee) have done the calculation,
and confirmed them. Second, when we do the match-
ing calculation, it produces about 150 constraints on the
eleven improvement parameters. The constraints also in-
volve the coefficients in the improvement terms of the
original OK action. The final results reported here are
consistent with all the constraints as well as the OK ac-
tion coefficients. Third, we show that the results are
consistent with factorization of the matching condition in
accord with the structure of contributions from HQET.
Here we explain this third consistency check.
9We can express the RHS of Eq. (43) in the language of
HQET as follows,
RHS =[
R
(1)
HQ,µ(p+ q, p) +
∞∑
n=0
R
(0)
HQ(p+ q)
( 1
iP4
Λ
(0)
HQ(p+ q)
)n
× 1
iP4
Λ
(1)
HQ,µ(p+ q, p)
]
(−gta)u(0, s), (70)
where, Λ
(0)
HQ and Λ
(1)
HQ,µ represent the zero-gluon emission
and one-gluon emission vertices, respectively, which come
from the HQET Lagrangian given in Eq. (21).
Here R
(0)
HQ and R
(1)
HQ,µ represent the zero-gluon emis-
sion and one-gluon emission vertices, respectively, which
come from the flavor-changing currents. At tree level the
Lagrangian and currents may be constructed using the
FWT rotation matrix for the heavy quark field, given
in Eq. (20). The explicit formulas for R
(0)
HQ, R
(1)
HQ,µ,
Λ
(0)
HQ, and Λ
(1)
HQ,µ are given in Eq. (E1)–(E6) in Appendix
E. Here n represents the number of perturbative inser-
tions of higher order terms in the HQET Lagrangian
(L1 + L2 + L3 + · · · ) which do not emit any gluon.
Now let us consider the lattice version of Eq. (70), for
the LHS of Eq. (43). We can express it in the language
of HQET as follows,
LHS =[
R
lat,(1)
HQ,µ (p+ q, p) +
∑
n
R
lat,(0)
HQ (p+ q)
( 1
iP4
Λ
lat,(0)
HQ (p+ q)
)n
× 1
iP4
Λ
lat,(1)
HQ,µ (p+ q, p)
]
(−gta)u(0, s), (71)
where Λ
lat,(0)
HQ and Λ
lat,(1)
HQ,µ represent the zero-gluon emis-
sion and one-gluon emission vertices, respectively, which
come from the lattice version of the HQET Lagrangian.
Here R
lat,(0)
HQ and R
lat,(1)
HQ,µ represent the zero-gluon emis-
sion and one-gluon emission vertices, respectively, which
come from the lattice field rotation matrix (Ulatb ) corre-
sponding to the improved field given in Eq. (40). For
consistency with HQET, this rotation matrix must con-
nect the lattice improved heavy quark field (Ψb) with the
HQET field (hb) on the lattice: Ψb = U
lat
b · hb. The ex-
plicit formulas for Λ
lat,(0)
HQ , Λ
lat,(1)
HQ,µ , R
lat,(0)
HQ , and R
lat,(1)
HQ,µ
are given in Eq. (E7)–(E12).
Then the matching condition (LHS = RHS) in Eq. (43)
can be factorized into individual terms as follows,
Λ
lat,(0)
HQ = Λ
(0)
HQ, Λ
lat,(1)
HQ,µ = Λ
(1)
HQ,µ (72)
R
lat,(0)
HQ = R
(0)
HQ, R
lat,(1)
HQ,µ = R
(1)
HQ,µ. (73)
Here Eqs. (72) provide the matching conditions which
determine the coefficients of the OK action. Similarly,
Eqs. (73) give the matching conditions which determine
the improvement parameters di for the improved cur-
rents.
Conversely, from the form of the vertices R
lat,(0)
HQ and
R
lat,(1)
HQ,µ , we can derive the following matching relation for
the flavor-changing currents:
Ψ¯IcΓΨ(x)Ib
.
= h¯cU¯
lat
c ΓU
lat
b hb , (74)
where
Ulatb =
[
1− 1
2m2b
γ ·D + 1
4m2αE ,b
α ·E + 1
8m2
D2⊥,b
D2
+
i
8m2sB,b
Σ ·B − {γ4D4,α ·E}
8m3αEE ,b
− 3{γ ·D,D
2}
32m3
γDD2⊥,b
− 3{γ ·D, iΣ ·B}
32m35b
− {γ ·D,α ·E}
16m3αrE ,b
+
[γ4D4,D
2]
16m36,b
+
[γ4D4, iΣ ·B]
16m37,b
+ dw1
∑
i
γiD
3
i +
dw2
8
[γ ·D,D2]
]
(75)
is a lattice FWT transformation corresponding to the
continuum FWT transformation in Eq. (20). Then the
matching condition can be written
Ulatb = Ub, (76)
where Ub is defined in Eq. (41). This relation is equiva-
lent to the matching conditions: dwi = 0, mi = mb.
VI. RESULTS
The results of the matching calculation are below.
d1 =
ζ(1 +m0)
m0(2 +m0)
− 1
2m
, (77)
d2 =
2ζ(1 +m0)
m0(2 +m0)
d1 − rsζ
2(1 +m0)
− ζ
2(1 +m0)
2
m20(2 +m0)
2
+
1
4m2
, (78)
dE = − 2(1 +m0)ζ
m20(2 +m0)
2
− (m0 + 1)ζcE
m0(2 +m0)
+
1
2m2
, (79)
10
dB = d2 , (80)
drE =
d1dE
4
, (81)
dEE =
1 +m0
(m20 + 2m0 + 2)
[
− 1
4m3
+
ζ(1 +m0)(m
2
0 + 2m0 + 2)
[m0(2 +m0)]3
+
ζcE(1 +m0)
[m0(2 +m0)]2
+
(2 + 2m0 +m
2
0)cEE
m0(2 +m0)
]
, (82)
d3 = w3 − d1, (83)
d4 =
ζ3(m30 + 3m
2
0 + 5m0 + 3)
2m30(2 +m0)
3
+
rsζ
2(3m20 + 6m0 + 4)
4m20(2 +m0)
2
+
2(1 +m0)c2
m0(2 +m0)
− (1 +m0)
2ζ2
2m20(2 +m0)
2
d1
− rsζ
4(1 +m0)
d1 +
(1 +m0)ζd2
2m0(2 +m0)
− 3
16m3
, (84)
d5 =
d4
2
, (85)
d6 =
2(1 +m0)
(m20 + 2m0 + 2)
[ ζ2cE
4m0(2 +m0)
− ζcEE(m
2
0 + 2m0 + 2)
2m0(1 +m0)(2 +m0)
− dE
4
(
d1 − 2ζ(1 +m0)
m0(2 +m0)
)
− 1
24m
]
, (86)
d7 = d6 . (87)
These results are valid at tree level, and the coefficients
ci of the OK action that appear are the tree-level coeffi-
cients. The mass m is the physical quark mass.
With appropriate tuning, we can cross-check these re-
sults against those of the Symanzik improvement pro-
gram. In Table I we show how the ci coefficients of the
OK action behave in the chiral-continuum limit am0 → 0
and the static quark limit m0 →∞. In Table II we show
the behavior of the improvement parameters di in the
same limits. In the second column of the tables, we show
the results in the chiral-continuum limit with ζ tuned
so that m1 = m2. Hence, the results in the second col-
umn can be cross-checked by comparing with those from
the Symanzik improvement program. When using the
non-relativistic interpretation of the Fermilab formula-
tion, the parameters rs and ζ are often set equal to one.
In the third column of the tables, we show the behavior in
the chiral-continuum limit with rs = ζ = 1 (m1 6= m2).
In the fourth column of the tables, we show the behavior
in the static quark limit with rs = ζ = 1 (m1 6= m2).
To prove the consistency of the results in the second
column of the tables with those from Symanzik improve-
ment, we apply Symanzik improvement to the OK ac-
tion to order (am0)
2. Details of this calculation are in
Appendix G. The results for the ci given in Ref. [14]
and the di given in the second column of Table II are
consistent with those from the Symanzik improvement
program, which are given in Eqs. (G11)–(G15) (for the
ci) and Eqs. (G21)–(G23) (for the di).
Now we turn to a puzzle involving dE . The problem is
that our result for dE given in Eq. (79) is different from
that in Ref. [8]. The result for dE in Ref. [8] is
dE(FNAL) =
ζ(1− cE)(1 +m0a)
m0a(2 +m0a)
− ζ(1 +m0a)
m2am0a(2 +m0a)
+
1
2m22a
2
, (88)
which is obtained for the quarkonium system by working
up to order v4 in the power counting of NRQCD. Our
result for dE is
dE(SWME) =− 2(1 +m0a)ζ
m20a
2(2 +m0a)2
− ζcE(1 +m0a)
m0a(2 +m0a)
+
1
2m22a
2
. (89)
Here, for the comparison, we replace m in Eq. (79)
with m2 without loss of generality. Taking the chiral-
continuum limit of these results gives
dE(FNAL) =
1
16
(
3− 2rs − r2s
)
+
1
48
(
3− 2rs + 3r2s
)
m0a+O
(
(m0a)
2
)
, (90)
dE(SWME) =
1
48
(
1− 6rs − 3r2s
)
+
1
48
(− 1 + 2rs + 3r2s)m0a+O((m0a)2) .
(91)
As we can see, even the leading-order terms of dE(FNAL)
and dE(SWME) are different from each other. Our re-
sult for the leading term in dE(SWME) is consistent with
that from Symanzik improvement, given in Eq. (G23).
We have not found any problem in the derivation of
dE(FNAL) in Ref. [8]. Hence, we do not yet under-
stand the source of the difference between dE(FNAL)
and dE(SWME).
The chiral-continuum and static limits reveal several
simple poles in the coefficients ci and di. In the second
column of Table II, we note a simple pole in dEE and
another in d6 = d7, which disappear for rs = 1. In the
third column of Table II, we note a simple pole in each
of dEE , d4 = 2d5, and d6 = d7. In the fourth column of
Table I, we note a simple pole in c1. In the fourth column
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TABLE I. Behavior of the OK action coefficients ci in the chiral-continuum and static limits. The second column corresponds
to the limit m0a→ 0 with ζ fixed so that m1 = m2. The third column corresponds to the limit m0a→ 0 with rs = ζ = 1 (so
m1 6= m2). The fourth column corresponds to the limit m0a→∞ with rs = ζ = 1.
Coeff. am0 → 0 (m1 = m2) am0 → 0 (m1 6= m2) am0 →∞ (m1 6= m2)
cB rs 1 1
cE
1
2
(1 + rs) +
1
12
(− 2− 3rs + 3r2s)m0a+O((m0a)2) 1− 12m0a+O((m0a)2) 14 + 1m0a +O( 1(m0a)2 )
c1 − 16 + 112
(− 1 + 5rs)m0a+O((m0a)2) − 16 + 13m0a+O((m0a)2) 16m0a− 16 1m0a +O( 1(m0a)2 )
c2 = c3
1
48
(− 1− 6rs + 3r2s) − 18 − 132m0a+O((m0a)2) − 132 − 732 1m0a +O( 1(m0a)2 )
+ 1
96
(− 1− rs + 3r2s − 3r3s)m0a+O((m0a)2)
c4
3
8
rs +
3
16
(
rs − r2s
)
m0a+O
(
(m0a)
2
)
3
8
3
8
c5
1
4
rs +
1
8
(
rs − r2s
)
m0a+O
(
(m0a)
2
)
1
4
1
4
cEE
1
96
(
5 + 6rs − 3r2s
) − 1
16
m0a+
1
8
(m0a)
2 +O((m0a)3) − 164 1m0a + 164 1(m0a)2
+ 1
64
(
3 + 5rs − 23r2s − 9r3s
)
m0a+O
(
(m0a)
2
)
+O
(
1
(m0a)3
)
TABLE II. Behavior of the improvement parameters di in the chiral-continuum and static limits. The second column cor-
responds to the limit m0a → 0 with ζ fixed so that m1 = m2. The third column corresponds to the limit m0a → 0 with
rs = ζ = 1 (so m1 6= m2). The fourth column corresponds to the limit m0a→∞ with rs = ζ = 1.
Coeff. am0 → 0 (m1 = m2) am0 → 0 (m1 6= m2) am0 →∞ (m1 = m2)
d1
1
4
(1− rs) + 148
(
1 + 3r2s
)
m0a+O
(
(m0a)
2
)
1
4
m0a− 38 (m0a)2 +O
(
(m0a)
3
)
1
2
1
m0a
− 3
2
1
(m0a)2
+O
(
1
(m0a)3
)
d2 = dB
1
16
(
1− 10rs + r2s
) − 1
2
+ 1
2
m0a+O
(
(m0a)
2
) − 1
2
1
m0a
+ 3
4
1
(m0a)2
+ 1
96
(
1 + 23rs + 27r
2
s − 3r3s
)
m0a+O
(
(m0a)
2
)
+O
(
1
(m0a)3
)
dE
1
48
(
1− 6rs − 3r2s
) − 1
2
+ 1
2
m0a+O
(
(m0a)
2
) − 1
4
1
m0a
− 1
4
1
(m0a)2
+ 1
48
(− 1 + 2rs + 3r2s)m0a+O((m0a)2) +O( 1(m0a)3 )
drE
1
768
(
1− 7rs + 3r2s + 3r3s
) − 1
32
m0a+
5
64
(m0a)
2 − 1
32
1
(m0a)2
+ 1
16
1
(m0a)3
+ 1
9216
(− 11 + 30rs + 12r2s − 54r3s − 9r4s)m0a +O((m0a)3) +O( 1(m0a)4 )
+O((m0a)2)
dEE
1
8
(− 1 + r2s) 1m0a 18 1m0a − 332 +O(m0a) − 164 1(m0a)2 + 132 1(m0a)3
+ 1
384
(− 17 + 23rs − 51r2s − 27r3s) +O(m0a) +O( 1(m0a)4 )
d3
1
4
(−1 + 5rs) + 148
(− 1− 3r2s)m0a+O((m0a)2) 1− 14m0a+O((m0a)2) 1− 12 1m0a +O( 1(m0a)2 )
d4 = 2d5
1
384
(
5− 31rs + 15r2s + 3r3s
)
1
8
1
m0a
− 3
32
+O(m0a) − 116 1m0a +
5
8
1
(m0a)3
+ 1
23040
(
29 + 570rs + 360r
2
s − 1170r3s − 45r4s
)
m0a +O
(
1
(m0a)4
)
+O((m0a)2)
d6 = d7
1
8
(1− r2s) 1m0a −
1
24
1
m0a
− 5
96
+O(m0a) − 112 1(m0a)2 −
3
64
1
(m0a)3
+ 1
768
(− 27− 127rs + 135r2s + 99r3s) +O(m0a) +O( 1(m0a)4 )
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of Table II, all the terms in di are analytic, regular, and
bounded. None of the poles cause any problems when
taking the continuum limit a→ 0.
VII. CONCLUSION
The goal of this paper is to improve the current op-
erators through λ3 order in HQET power counting, the
same level as the OK action. These improved currents
can be used to calculate the semi-leptonic form factors
for the B¯ → D∗`ν¯, B¯ → D`ν¯, B¯ → pi`ν¯, and B¯s → K`ν¯
decays and the decay constants fB and fD. Our final
results for the improvement coefficients di are presented
in Section VI.
We adopt the concept of the improved quark field
in Ref. [8] and extend it to O(λ3) at tree level. We
find that one needs to add seven more higher dimen-
sional terms and corresponding improvement parameters
to Eq. (A.17) of Ref. [8]. With one exception (the d3
term), the higher dimension lattice operators are lattice
versions of operators in the continuum FWT transfor-
mation of the heavy quark field. The d3 operator is
required to compensate for rotation-symmetry-breaking
contributions from the normalized spinors of the OK ac-
tion. Thus, we need eleven improvement terms in total.
Our matching condition in Eq. (43) determines the im-
provement parameters uniquely. Our final results given
in Section VI have been checked in several ways. First,
three individuals have performed the calculation and
cross-checked the results against one another. Second,
the matching condition provides about 150 self-consistent
constraint equations. The constraint equations from the
temporal and spatial components of the one-gluon emis-
sion vertex are consistent with each other. The constraint
equations from the zero-gluon emission vertex are also
consistent with those from two-quark matrix elements
[30]. As a by-product, the matching condition reproduces
the constraint equations for the zero-gluon and one-gluon
emission vertices of the OK action. In addition, the
matching condition can be expressed in terms of contri-
butions from continuum HQET and lattice HQET. For
the quark-level matrix elements we match, the vertices of
the continuum currents and action are in one-to-one cor-
respondence with the vertices of the lattice currents and
action. This one-to-one mapping provides another cross-
check on the final results in Section VI. At the same time,
we note that Eq. (74) is established for the quark-level
matrix elements we match by constructing the rotation
matrix from the ansatz for the improved field.
There remains a puzzle involving dE . At present, there
are two different values of dE available in the literature:
One is our result, given in Eq. (89), and the other is given
in Eq. (88), which comes from Ref. [8]. They are differ-
ent from each other even at leading order in the chiral-
continuum limit. To check the validity of our result, we
have performed Symanzik improvement. We find the re-
sult is consistent with our result for dE . However, we
have not found any problem with the derivation of dE in
Ref. [8]. Therefore, this issue needs further investigation.
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Appendix A: Notation
We use the same signature for the γ-matrices as in
Ref. [8]. The representation for Euclidean gamma matri-
ces is
γ =
(
0 σ
σ 0
)
, γ4 =
(
1 0
0 −1
)
, (A1)
where σ are Pauli matrices. The γ-matrices satisfy the
Clifford algebra:
{γµ, γν} = 2δµν (A2)
The remaining definitions are
α =
(
0 σ
−σ 0
)
, Σ =
(
σ 0
0 σ
)
, (A3)
where αi = γ4γi and Σk = − i4ijk[γi, γj ].
Appendix B: Foldy-Wouthousen-Tani transformation
The Foldy-Wouthousen-Tani transformation for Q¯ is
Q¯ = h¯
[
1 +
1
2mq
γ · ←−D + 1
8m2q
(γ · ←−D )2 + 1
4m2q
α ·E
+
{γ4←−D4,α ·E}
8m3q
+
3(γ · ←−D )3
16m3q
+
α ·Eγ · ←−D
8m3q
+
11(γ · ←−D )4
128m4q
+
3γ4
←−
D4(γ · ←−D )3
16m4q
+
(γ · ←−D )γ4←−D4(γ · ←−D )2
8m4q
+
3(γ · ←−D )2γ4←−D4(γ · ←−D )
32m4q
+
5(γ · ←−D )3γ4←−D4
32m4q
+
{γ4←−D4,α ·E}γ · ←−D
16m4q
+
(α ·E)2
32m4q
13
+
1
16m4q
{
γ4
←−
D4, {γ4←−D4,α ·E}
}]
+O(1/m5). (B1)
Appendix C: Matching sub-diagrams
The expansion of the right-hand side (continuum) of Eq. (43) through third order in λ is as follows,
R.H.S (µ = 4) =
[
1
iP4
− γ · (p+ q)
2mP4
+
(p+ q)2
2mP 24
− iγ · q
4m2
+ ijkΣi
qjpk
4m2P4
+
i
(
p2 + 2q · (p+ q))
8m2P4
− iγ · (p+ q)(p+ q)
2
4m2P 24
+
i((p+ q)2)2
4m2P 34
− q · (p+ q)
8m3
+
γ · q
8m3
q4 + ijkΣi
iqjpk
8m3
+
γ · (p+ q)p2
16m3P4
+
γ · (p+ 2q)(p+ q)2
8m3P4
− (p+ q)
2
(
3(p+ q)2 + q2
)
16m3P 24
+ ijkΣi
iqjpk(p+ q)
2
8m3P 24
+
γ · (p+ q)((p+ q)2)2
8m3P 34
− ((p+ q)
2)3
8m3P 44
]
(−gta)u(0, s),
(C1)
R.H.S (µ = i) =
[
1
2m
γi − (2pi + qi) + ijkiΣjqk
2mP4
+
iq4
4m2
γi − i(pi + qi)
4m2
+ ijkΣj
qk + pk
4m2
+
i(p+ q) · q
4m2P4
γi +
iγ · (p+ q)pi
4m2P4
+
iγ · p(pi + qi)
4m2P4
− ijkγ5 iqjpk
4m2P4
+ ijk
Σjqk(p+ q)
2
4m2P 24
− i(2pi + qi) (p+ q)
2
4m2P 24
+
(pi + qi)q4
8m3
− q
2
4
8m3
γi − p
2
8m3
γi
− 3(p+ q)
2 + q2
16m3
γi − piγ · (p+ q)
8m3
− (pi + qi)γ · p
8m3
+ ijkΣj
i(pk + qk)q4
8m3
+ ijkγ5
qjpk
8m3
+
(4pi + qi)p
2
16m3P4
+
(3pi + 2qi)(p+ q)
2
8m3P4
+ ijkΣj
i(qk − 2pk)p2
16m3P4
+ ijkΣj
i(pk + 2qk)(p+ q)
2
8m3P4
− piγ · (p+ q)(p+ q)
2
8m3P 24
− (pi + qi)γ · p(p+ q)
2
8m3P 24
− q · (p+ q)(p+ q)
2
8m3P 24
γi + ijkγ5
qjpk(p+ q)
2
8m3P 24
+ ijkΣj
iqk
(
(p+ q)2
)2
8m3P 34
+
(2pi + qi)
(
(p+ q)2
)2
8m3P 34
]
(−gta)u(0, s). (C2)
And the left-hand side (lattice) is
L.H.S (µ = 4) =
[
1
iP4
− γ · (p+ q)
2m3P4
+
(p+ q)2
2m2P 24
− iγ · q
4m2αE
+
i(p+ q)2
8m2
D2⊥
P4
+
iq2 + 2ijkΣiqjpk
8m2EP4
− iγ · (p+ q)(p+ q)
2
4m2m3P 24
+
i
(
(p+ q)2
)2
4m22P
3
4
− q
2 − 2iijkΣiqjpk
16m3αrE
− q · (2p+ q)
16m36
+
γ · q
8m3αEE
q4 +
γ · (p+ q)p2 − γ · (p− q)(p+ q)2
16m3m2EP4
+
3γ · (p+ q)(p+ q)2
16m3
γDD2⊥
P4
− (p+ q)
2
(
q2 − 2iijkΣiqjpk
)
16m2m2EP
2
4
−
(
(p+ q)2
)2
16m2m2D2⊥
P 24
−
(
(p+ q)2
)2
8m34P
2
4
− dw1
6P4
∑
i
γi(pi + qi)
3
− w4
6P 24
∑
i
(pi + qi)
4 +
γ · (p+ q)
8m22m3P
3
4
(
(p+ q)2
)2 − ((p+ q)2)3
8m32P
4
4
]
(−gta)u(0, s), (C3)
L.H.S (µ = i) =
[
1
2m3
γi − (2pi + qi)
2m2P4
− iijkΣjqk
2mBP4
+
iq4
4m2αE
γi − i2pi + qi
8m2
D2⊥
+ ijkΣj
qk
8m2sB
− i
(
qi + iijkΣj(2pk + qk)
)
8m2E
+
i(p+ q) · qγi
4m3mBP4
+
i(2pi + qi)(p+ q) · γ
4m3m2P4
− i(pi + qi)q · γ
4m3mBP4
− iijk qjpkγ5
4m3mBP4
+ ijkΣj
qk(p+ q)
2
4mBm2P 24
− i(2pi + qi)(p+ q)
2
4m22P
2
4
− q
2
4
8m3αEE
γi +
q4(2pi + qi)
16m36
+
qiq4
16m3αrE
− 3
(
(p+ q)2 + p2
)
32m3
γDD2⊥
γi − 3q
2
32m35
γi
14
− (p+ q) · (2p+ q)
16m3m2E
γi +
3qiγ · q
32m35
− 3(2pi + qi)γ · (2p+ q)
32m3
γDD2⊥
+
(2pi + qi)γ · p+ piγ · q
16m3m2E
+ iijkΣj
q4qk
16m37
+ iijkΣj
q4(2pk + qk)
16m3αrE
+ ijkγ5
3qjpk
16m35
− ijkγ5 qjpk
16m2Em3
+
dw2
8
(− q · (2p+ q)γi + γ · q(2pi + qi))
+
1
6
dw1γi(3p
2
i + 3piqi + q
2
i ) +
(2pi + qi)((p+ q)
2 + p2)
8m34P4
+
q · (2p+ q)qi
16m2m2EP4
+
(2pi + qi)(p+ q)
2
16m2
D2⊥
m2P4
+ iijkΣj
qk(p
2 + (p+ q)2)
8m3B′P4
+ iijkΣj
qk(p+ q)
2
16m2
D2⊥
mBP4
+ iijkΣj
(2pk + qk)
(
q · (2p+ q))
16m2m2EP4
− wB
8P4
(piq
2 − qip · q)
− wB
16P4
iijkΣjqkq
2 +
w4
6P4
(2pi + qi)
(
(pi + qi)
2 + p2i
)
+
wB
8P4
iijkqjpkΣ · (2p+ q) + w
′
B
12P4
iijkΣjqk(q
2
i + q
2
k)
+
(w4 + w
′
4)
12P4
iijkΣjqk
(
(3p2i + 3piqi + q
2
i ) + (3p
2
k + 3pkqk + q
2
k)
)
− (2pi + qi)(p+ q) · γ(p+ q)
2
8m3m22P
2
4
+
(pi + qi)q · γ(p+ q)2
8m3m2mBP 24
− q · (p+ q)(p+ q)
2γi
8m3m2mBP 24
+ ijkγ5
qjpk(p+ q)
2
8m3m2mBP 24
+ iijkΣj
qk((p+ q)
2)2
8m22mBP
3
4
+
(2pi + qi)
(
(p+ q)2
)2
8m32P
3
4
]
(−gta)u(0, s). (C4)
Appendix D: Lattice Feynman rules
The one-gluon vertices of the OK action from Ref. [14] are as follows (set a = 1),
Λ4(p+ q, p) = γ4 cos
(
p4 +
1
2
q4
)− i sin (p4 + 1
2
q4
)
+
i
2
cEζ
∑
i
αi sin qi cos
1
2
q4
+ cEE
∑
i
γi · sin qi
[
sin(p+ q)4 − sin p4
]
cos
1
2
q4, (D1)
Λi(p+ q, p) = ζγi cos
(
pi +
1
2
qi
)− irsζ sin (pi + 1
2
qi)− i
2
cEζαi sin q4 cos
1
2
qi − 1
2
cBζirmΣm sin qr cos
1
2
qi
− c2
[
γi cos(pi +
1
2
qi)
∑
j
4
[
sin2
1
2
(pj + qj) + sin
2 1
2
pj
]
+ 2 sin(pi +
1
2
qi)
∑
j
γj
[
sin(pj + qj) + sin pj
]]
− 1
2
c1γi
[
4 cos(pi +
1
2
qi)
[
sin2
1
2
(pi + qi) + sin
2 1
2
pi
]
+ 2 sin(pi +
1
2
qi)
[
sin(pi + qi) + sin pi
]]
+ c3 cos
1
2
qi
[∑
j
γj sin qj
[
sin(pi + qi)− sin pi
]− γi∑
j
sin qj
[
sin(pj + qj)− sin pj
]
− γ4γ5
∑
r,m
irm sin qr
[
sin(pm + qm) + sin pm
]]
− cEEγi sin q4
[
sin(p4 + q4)− sin p4
]
cos
1
2
qi − 8ic4 sin(pi + 1
2
qi)
[
sin2
1
2
(pi + qi) + sin
2 1
2
pi
]
− 4c5irmΣm sin qr cos 1
2
qi
[∑
j
[
sin2
1
2
(
pj + qj) + sin
2 1
2
pj
]− [ sin2 1
2
(
pm + qm
)
+ sin2
1
2
pm
]]
. (D2)
The zero-gluon vertex of the improved quark field is as follows,
R(0)(p+ q) = em1/2
[
1 + id1
∑
j
γj sin(pj + qj)− 2d2
∑
j
sin2
1
2
(pj + qj)
15
− 2
3
id3
∑
j
γj sin(pj + qj) sin
2 1
2
(pj + qj)− 4id4
∑
j,k
γj sin(pj + qj) sin
2 1
2
(pk + qk)
]
. (D3)
The one-gluon vertices of the improved quark field are as follows,
R
(1)
4 (p+ q, p) = e
m1/2 cos
1
2
q4γ4
[
i
2
dE
∑
j
γj sin qj − dEEγ4
∑
j
γj sin qj
[
sin(p4 + q4)− sin p4
]
+ drE
∑
j
sin qj
[
sin(pj + qj)− sin pj
]− idrE ∑
j,l,m
jlmΣj sin ql
[
sin(pm + qm) + sin pm
]]
−4em1/2d6 cos(p4 + 1
2
q4)γ4
∑
j
[
sin2
1
2
(pj + qj)− sin2 1
2
pj
]
, (D4)
R
(1)
i (p+ q, p) = e
m1/2
[
− d1γi cos(pi + 1
2
qi)− id2 sin(pi + 1
2
qi)− 1
2
dB
∑
r,m
irmΣm sin qr cos
1
2
qi
− i
2
dEγ4γi cos
1
2
qi sin q4 + drE
∑
r,m
iirmΣmγ4 sin q4
[
sin(pr + qr) + sin pr
]
cos
1
2
qi
− drEγ4 sin q4
[
sin(pi + qi)− sin pi
]
cos
1
2
qi + dEEγi sin q4
[
sin(p4 + q4)− sin p4
]
cos
1
2
qi
+
1
2
d4
[
γi cos(pi +
1
2
qi)
∑
j
4
[
sin2
1
2
(pj + qj) + sin
2 1
2
pj
]
+ 2 sin(pi +
1
2
qi)
∑
j
γj
[
sin(pj + qj) + sin pj
]]
+
1
12
d3γi
[
4 cos(pi +
1
2
qi)
[
sin2
1
2
(pi + qi) + sin
2 1
2
pi
]
+ 2 sin(pi +
1
2
qi)
[
sin(pi + qi) + sin pi
]]
+ d5 cos
1
2
qi
[
−
∑
j
γj sin qj
[
sin(pi + qi)− sin pi
]
+ γi
∑
j
sin qj
[
sin(pj + qj)− sin pj
]]
+ d5 cos
1
2
qiγ4γ5
∑
r,m
irm sin qr
[
sin(pm + qm) + sin pm
]
+ 2d6γ4
[
sin(p4 + q4)− sin p4
]
sin(pi +
1
2
qi)
− i
∑
r,m
irmd7
[
sin(p4 + q4)− sin p4
]
cos
1
2
qi sin qrΣmγ4
]
. (D5)
The factor for the external incoming fermion with momentum p and spin s is given by N (p)ulat(p, s) with the
normalization factor N (p) and the spinor ulat(p, s) as follows [8, 14],
N (p) =
(
µ(p)− coshE
µ(p) sinhE
)1/2
, (D6)
ulat(p, s) =
µ(p)− coshE + sinhE − iγ ·K√
2(µ(p)− coshE)(µ(p)− coshE + sinhE)u(0, s), (D7)
where µ(p) is given in Eq. (48) and u(0, s) is a constant spinor which satisfies γ4u(0, s) = u(0, s). Here, N (p)
corresponds to
√
m
E and u
lat(p, s) corresponds to the continuum spinor as follows,
u(p, s) =
m+ E − iγ · p√
2m(m+ E)
u(0, s). (D8)
Appendix E: HQET Feynman rules
The zero-gluon vertex of the HQET Lagrangian is as follows,
Λ
(0)
HQ(p) = −
1
2m
p2 +
1
8m3
(
p2
)2
. (E1)
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The one-gluon vertices of the HQET Lagrangian are as follows,
Λ
(1)
HQ,4(p+ q, p) =
[
1− q
2 − 2iijkqipjΣk
8m2
]
, (E2)
Λ
(1)
HQ,i(p+ q, p) =
[
− i
2m
(2pi + qi) +
1
2m
ijkΣjqk +
q4
8m2
(
qi + iijkΣj(2pk + qk)
)
+
i(2pi + qi)
8m3
(
(p+ q)2 + p2
)
− 1
8m3
ijkΣjqk
(
(p+ q)2 + p2
)]
, (E3)
The zero-gluon vertex from Eq. (41) is as follows,
R
(0)
HQ(p) = 1−
i
2m
γ · p− 1
8m2
p2 +
3iγ · p
16m3
p2. (E4)
The one-gluon vertices from Eq. (41) are as follows,
R
(1)
HQ,4(p+ q, p) = −
i
4m2
γ · q + q4
8m3
γ · q − 1
16m3
(
q2 − 2iijkΣiqjpk
)− 1
16m3
(
q2 + 2p · q), (E5)
R
(1)
HQ,i(p+ q, p) =
1
2m
γi +
i
4m2
q4γi − i
8m2
(2pi + qi) +
1
8m2
ijkΣjqk − q
2
4
8m3
γi
− 3
32m3
(
γ · (2p+ q)(2pi + qi) + (p2 + (p+ q)2)γi
)− 3
32m3
iijkqk
(
Σjγ · p+ γ · (p+ q)Σj
)
+
q4
16m3
(
iijkΣj(2pk + qk) + qi
)
+
q4
16m3
(2pi + qi) +
q4
16m3
iijkΣjqk. (E6)
The zero-gluon vertex of the lattice HQET Lagrangian is as follows,
Λ
lat,(0)
HQ (p) = −
1
2m2
p2 +
1
8m34
(
p2
)2
+
1
6
w4
∑
i
p4i . (E7)
The one-gluon vertices of the lattice HQET Lagrangian are as follows,
Λ
lat,(1)
4,HQ (p+ q, p) =
[
1− q
2 − 2iijkqipjΣk
8m2E
]
, (E8)
Λ
lat,(1)
i,HQ (p+ q, p) =
[
− i
2m2
(2pi + qi) +
1
2mB
ijkΣjqk +
q4
8m2E
(
qi + iijkΣj(2pk + qk)
)
+
i(2pi + qi)
8m34
(
(p+ q)2 + p2
)
− 1
8m3B′
ijkΣjqk
(
(p+ q)2 + p2
)
+
i
6
w4(2pi + qi)
(
(pi + qi)
2 + p2i
)− i
8
wB1
(
piq
2 − qip · q
)
− 1
16
wB2ijkΣjqkq
2 − 1
8
wB3ijkqjpkΣ · (2p+ q)−
1
12
w′BijkΣjqk(q
2
i + q
2
k)
− 1
12
(w4 + w
′
4)ijkΣjqk
(
(3p2i + 3piqi + q
2
i ) + (3p
2
k + 3pkqk + q
2
k)
)]
. (E9)
The zero-gluon vertex from Eq. (75) is as follows,
R
lat,(0)
HQ (p) = 1−
i
2m3
γ · p− 1
8m2
D2⊥
p2 +
3iγ · p
16m3
γDD2⊥
p2 − dw1
∑
j
iγjp
3
j , (E10)
The one-gluon vertices from Eq. (75) are as follows,
R
lat,(1)
HQ,4 (p+ q, p) = −
i
4m2αE
γ · q + q4
8m3αEE
γ · q − 1
16m3αrE
(
q2 − 2iijkΣiqjpk
)− 1
16m36
(
q2 + 2p · q), (E11)
R
(1)
HQ,i(p+ q, p) =
1
2m3
γi +
iq4
4m2αE
γi − i
8m2
D2⊥
(2pi + qi) +
ijkΣjqk
8m2sB
− q
2
4
8m3αEE
γi
− 3
32m3
γDD2⊥
(
γ · (2p+ q)(2pi + qi) + (p2 + (p+ q)2)γi
)− 3iijkqk
32m35
(
Σjγ · p+ γ · (p+ q)Σj
)
+
q4
16m3αrE
(
iijkΣj(2pk + qk) + qi
)
+
q4
16m36
(2pi + qi) +
q4
16m7
iijkΣjqk + dw1γi(3p
2
i + 3piqi + q
2
i )
+
1
8
dw2
(
q · (2p+ q)γi + γ · q(2pi + qi)
)
. (E12)
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Appendix F: Short-distance coefficients
The lattice short-distance coefficients which determine the action coefficients are as follows (set a = 1),
1
2m2
=
ζ2
m0(2 +m0)
+
rsζ
2(1 +m0)
,
1
2mB
=
ζ2
m0(2 +m0)
+
cBζ
2(1 +m0)
, (F1)
1
4m2E
=
ζ2
m20(2 +m0)
2
+
ζ2cE
m0(2 +m0)
, (F2)
1
m34
=
8ζ4
m30(2 +m0)
3
+
4ζ4 + 8rsζ
3(1 +m0)
m20(2 +m0)
2
+
r2sζ
2
(1 +m0)2
+
32ζc2
m0(2 +m0)
, (F3)
1
m3B′
=
1
m34
− rs(rs − cB)ζ
2
(1 +m0)2
, (F4)
wB =
4(rs − cB)ζ3(1 +m0)
m20(2 +m0)
2
+
16ζ(c2 − c3)
m0(2 +m0)
, w′B =
cBζ − 4c5
1 +m0
, (F5)
w4 =
2ζ(ζ + 6c1)
m0(2 +m0)
+
rsζ − 24c4
4(1 +m0)
, w′4 = −
rsζ − 24c4 + 32c5
4(1 +m0)
. (F6)
The lattice short-distance coefficients which determine the improvement parameters are as follows (set a = 1),
1
2m3
=
ζ(1 +m0)
m0(2 +m0)
− d1, (F7)
1
4m2αE
=
(1 +m0)ζ
m20(2 +m0)
2
+
(m0 + 1)ζcE
2m0(2 +m0)
+
dE
2
, (F8)
1
8m2
D2⊥
= − ζ(1 +m0)
m0(2 +m0)
d1 +
rsζ
4(1 +m0)
+
ζ2(1 +m0)
2
2m20(2 +m0)
2
+
d2
2
, (F9)
1
8m2sB
= − ζ(1 +m0)
m0(2 +m0)
d1 +
cBζ
4(1 +m0)
+
ζ2(1 +m0)
2
2m20(2 +m0)
2
+
dB
2
, (F10)
1
16m3αrE
=
1
16m3m2αE
+
d1dE
4
− drE , (F11)
1
16m3αEE
=
(1 +m0)(m
2
0 + 2m0 + 2)ζ
4m30(2 +m0)
3
+
(1 +m0)ζcE
4m20(2 +m0)
2
+
(m20 + 2m0 + 2)cEE
4m0(2 +m0)
− (m
2
0 + 2m0 + 2)dEE
4(1 +m0)
, (F12)
3
16m3
γDD2⊥
=
ζ3(m30 + 3m
2
0 + 5m0 + 3)
2m30(2 +m0)
3
+
rsζ
2(3m20 + 6m0 + 4)
4m20(2 +m0)
2
+
2(1 +m0)c2
m0(2 +m0)
− (1 +m0)
2ζ2
2m20(2 +m0)
2
d1 − rsζ
4(1 +m0)
d1 +
(1 +m0)ζd2
2m0(2 +m0)
− d4, (F13)
3
16m35
=
ζ3(m30 + 3m
2
0 + 5m0 + 3)
2m30(2 +m0)
3
+
cBζ
2(3m20 + 6m0 + 4)
4m20(2 +m0)
2
+
2(1 +m0)c3
m0(2 +m0)
− (1 +m0)
2ζ2
2m20(2 +m0)
2
d1 − cBζ
4(1 +m0)
d1 +
(1 +m0)ζdB
2m0(2 +m0)
− 2d5, (F14)
1
16m36
=
1
16m3m2αE
− ζ
2cE
4m0(2 +m0)
+
ζcEE(m
2
0 + 2m0 + 2)
2m0(1 +m0)(2 +m0)
+
dE
4
(
d1 − 2ζ(1 +m0)
m0(2 +m0)
)
+
1
24m2
+
(m20 + 2m0 + 2)
2(1 +m0)
d6, (F15)
1
16m37
=
1
16m3m2αE
− ζ
2cE
4m0(2 +m0)
+
ζcEE(m
2
0 + 2m0 + 2)
2m0(1 +m0)(2 +m0)
+
dE
4
(
d1 − 2ζ(1 +m0)
m0(2 +m0)
)
+
1
24mB
+
(m20 + 2m0 + 2)
2(1 +m0)
d7, (F16)
18
dw1 = d3 + d1 − w3, (F17)
dw2 =
ζ(rs − cB)
1 +m0
d1 +
ζ2(rs − cB) + 2ζ(d2 − dB)(1 +m0)
m0(2 +m0)
. (F18)
Appendix G: Symanzik improvement program (m0a→ 0 limit)
In this section we consider the improvement of the action and current in the limit m0a → 0 through O(a2). In
doing so we reproduce the leading behavior of the action and current improvement parameters in Tables I and II.
In the m0a→ 0 limit, one can expand the OK action in a,
SOK,a2 =
∑
x
a4 ψ¯(x)
[
m0 + γ4Dlat,4 + ζγ ·Dlat − 1
2
a∆4 − 1
2
rsζa∆
(3)
− 1
2
cBζaiΣ ·Blatψ(x)− 1
2
cEζaα ·Elatψ(x)
+ c1a
2
∑
i
γiDlat,i∆lat,i + c2a
2{γ ·Dlat,∆(3)}
+ c3a
2{γ ·Dlat, iΣ ·Blat}+ cEEa2{γ4Dlat,4,α ·Elat}
]
ψ(x). (G1)
The corresponding local effective Lagrangian through O(a2) is given by
SSym =
∫
d4x ψ¯(x)
[
m0 +
(
γ4D4 +
1
6
γ4a
2D34
)
+ ζ
(
γ ·D + 1
6
∑
i
γia
2D3i
)
− 1
2
aD24 −
1
2
rsζaD
2 − 1
2
cBζiaΣ ·B − 1
2
cEζaα ·E
+ c1
∑
i
γia
2D3i + c2a
2{γ ·D,D2}+ c3a2{γ ·D, iΣ ·B}
+ cEEa
2{γ4D4,α ·E}
]
ψ(x)
=
∫
d4x ψ¯(x)
[
m0 + γ4D4 + ζγ ·D − 1
2
aD24 −
1
2
rsζaD
2 − 1
2
cBζiaΣ ·B
− 1
2
cEζaα ·E + 1
6
γ4a
2D34 +
(
c1 +
1
6
ζ
)∑
i
γia
2D3i + c2a
2{γ ·D,D2}
+ c3a
2{γ ·D, iΣ ·B}+ cEEa2{γ4D4,α ·E}
]
ψ(x). (G2)
If the action is to be improved through O(a2), the action in Eq. (G2) should be equivalent to the Dirac action
through O(a2),
ψ¯(x)R¯
[
mq + γ ·D + γ4D4
]
Rψ(x) = R.H.S of (G2) , (G3)
where the transformations R and R¯ should be in terms of m0a, γ ·D, and γ4D4. To match the action through O(a2),
they are
R =
[
1 +
1
4
m0a− 1
4
rsζaγ ·D − 1
4
aγ4D4 − 7
96
(am0)
2 − 1
48
am0(aγ4D4)
+
( 1
48
+
3rsζ
16
− r
2
sζ
2
16
)
(am0)aγ ·D +
(
− 1
48
− rsζ
8
+
r2sζ
2
32
)
(aγ ·D)2
+
5
96
(aγ4D4)
2 − r
2
sζ
2
32
aγ4D4aγ ·D +
( 1
48
+
rsζ
16
− r
2
sζ
2
32
)
aγ ·Daγ4D4
]
, (G4)
R¯ =
[
1 +
1
4
m0a− 1
4
rsζaγ ·D − 1
4
aγ4D4 − 7
96
(am0)
2 − 1
48
am0(aγ4D4)
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+
( 1
48
+
3rsζ
16
− r
2
sζ
2
16
)
(am0)aγ ·D +
(
− 1
48
− rsζ
8
+
r2sζ
2
32
)
(aγ ·D)2
+
5
96
(aγ4D4)
2 − r
2
sζ
2
32
aγ ·Daγ4D4 +
( 1
48
+
rsζ
16
− r
2
sζ
2
32
)
aγ4D4aγ ·D
]
, (G5)
where the coefficients of Eq. (G4) and Eq. (G5) are fixed by Eq. (G3). For example, the − 14aγ4D4 term in Eq. (G4)
and Eq. (G5) is tuned to fix the coefficient of aD24 in Eq. (G2) to be − 12 . Not only determining Eq. (G4) and Eq. (G5),
Eq. (G3) gives constraint equations on the action parameters (ζ, cB , cE , · · · ) at the tree level. For example, if one
compares the mass term on both sides of Eq. (G3), it gives the relation between the physical quark mass and the bare
mass
m0 = mq
(
1 +
1
2
m0a− 1
12
m20a
2
)
, (G6)
which gives
mq = m0 − 1
2
m20a+
1
3
m30a
2. (G7)
Through second order in a, the R.H.S. of Eq. (G7) is equivalent to the rest mass m1 = Log(1+m0a)/a. Thus, Eq. (G7)
is equivalent to identifying the rest mass with the physical quark mass. Likewise, if one compares the coefficients of
aγ ·D on both sides of Eq. (G3), one obtains the constraint equation
1 +
(1
2
− 1
2
rsζ
)
m0a+
(
− 1
24
+
1
2
rsζ − 1
8
r2sζ
2
)
m20a
2 = ζ, (G8)
which gives
ζ = 1 +
1
2
(1− rs)m0a+ 1
24
(−1 + 6rs + 3r2s)m20a2 +O(m0a)3, (G9)
which is identical to Eq. (4.11) of Ref. [8]. As mentioned in Ref. [8], the above ζ value is determined by the condition
m1 = m2.
Now, if we insert Eq. (G7) and Eq. (G9) into the L.H.S. of Eq. (G3), we obtain
R¯
[
mq + γ ·D + γ4D4
]
R = m0 + ζγ ·D + γ4D4 − 1
2
rsζa
(
γ ·D)2
− 1
2
a
(
γ4D4
)2
+ aα ·E
(
− 1
4
(1 + rs) +
(
− 1
24
+
1
8
rs
)
m0a
)
+
1
6
a2
(
γ4D4
)3
+ a2
(
γ ·D)3(− 1
24
− rs
4
+
r2s
8
)
+ {γ4D4,α ·E}
( 5
96
+
1
16
rsζ − 1
32
r2sζ
2
)
, (G10)
which determines
cB = rs, (G11)
cE =
1
2
(1 + rs) +
1
12
(− 2− 3rs + 3r2s)m0a+O(m0a)2, (G12)
c1 = −1
6
+O(m0a), (G13)
c2 = c3 =
1
48
(− 1− 6rs + 3r2s)+O(m0a), (G14)
cEE =
1
96
(
5 + 6rs − 3r2s
)
+O(m0a). (G15)
The (tree-level) matching of the action through O(a2) is done by specifying the action parameters according to
Eq. (G7), Eq. (G9), and Eqs. (G11)-(G15). If one defines q(x) = Rψ(x), then the Lagrangian of q(x) corresponds to
the Dirac Lagrangian.
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One can identify R as the transformation required for the (tree-level) current improvement. Here we can eliminate
terms with the time derivative by using the equation of motion for the R.H.S. of Eq. (G3),
(aγ ·D)(aγ4D4)ψ(x) =
(
− (m0a)(aγ ·D)− ζ(aγ ·D)2
)
ψ(x), (G16)
(aγ4D4)(aγ ·D)ψ(x) =
(
a2α ·E + (m0a)(aγ ·D) + ζ(aγ ·D)2
)
ψ(x), (G17)
(aγ4D4)
2ψ(x) =
(
m20a
2 − ζ2(aγ ·D)2 − a2ζα ·E
)
ψ(x), (G18)
aγ4D4ψ(x) =
(
−m0a− ζaγ ·D + 1
2
rsζa
2D2 +
1
2
cBζiaΣ ·B
+
1
2
(
m20a
2 − ζ2(aγ ·D)2 − a2ζα ·E
))
ψ(x). (G19)
Then
R = (1 +m0a)1/2
[
1 +
(1
4
(1− rs) + 1
48
(
1 + 3r2s
)
m0a
)
aγ ·D + 1
32
(
1− 10rs + r2s
)(
aγ ·D)2
+
1
96
(
1− 6rs − 3r2s
)
a2α ·E
]
, (G20)
which gives the leading behaviors of d1, d2, dB , and dE as
d1 =
1
4
(1− rs) + 1
48
(
1 + 3r2s
)
m0a+O
(
(m0a)
2
)
(G21)
d2 = dB =
1
32
(
1− 10rs + r2s
)
+O(m0a) (G22)
dE =
1
48
(
1− 6rs − 3r2s
)
+O(m0a). (G23)
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